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We discuss some of the issues that arise when considering the physics of asymptotically de 
Sitter spacetimes, and attcmpts to address them. Our development begins at the classical level, 
wherc scvcral initial value problems are discussed, and ends with several proposals for holography 
in asymptotically de Sitter spacetimes. Throughout the paper we give a review of some basic 
notions such as the geometry of the Schwarzschild-de Sitter black hole, the Nariai limit, and 
quantum field theory in a fixed de Sitter background. We also briefly discuss some semiclassical 
aspects such as the nucleation of giant black holes and the Hartle-Hawking wavcfunctional. We 
end by giving an overview of some open questions. An emphasis is placed on the differences 
between a static patch observer confined to live in a thermal cavity and the metaobserver who 
has access to a finite region of the futurc boundary. 
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1 Introduction - A tale of two Observers 

The universe is expanding. Moreover, it is expanding at an accelerating pace [1, 2], as it had done 
once before in its earliest of stages. If this expansion persists, we will eventually head toward a cold 
and lonely world. The largest of structures, beginning with superdusters and followed by galactic 
clusters, will slowly dilute away from our own Local Group in the next hundred billion years or 
so, until we are left with only a merger galaxy of the Milky Way and Andromeda [3, 4]. After 
even longer time scales, around a trillion years [4], all cosmic radiation will have stretched to sizes 
beyond the horizon. The stelliferous era will come to an end in about a hundred trillion years. Our 
whole observable world will be governed by thermal and quantum fluctuations of a structureless 
cosmic cavity at a Hawking temperature of ~ 10~ 29 K. The main source of energy will come from 
the non-diluting cosmological constant, which already constitutes ~ 0.7 of the energy in the present 
day universe. We will be separated from all other worlds by a great cosmic horizon, some 17 billion 
light years in size. What exotic and mysterious physics, if any, might spawn [5] from the far future 
of the cosmic cavity itself? As we shall see, such observations about our universe lie at the heart 
of a host of theoretical questions which have baffled theoretical physicists to this day. 

We have observational evidence for two periods of exponential expansion. The first is the early 
inflationary era, during which the universe dramatically expanded in size moments after the big 
bang, and planted the seeds for the eventual formation of the structure we observe in the night sky. 
A given observer in an asymptotically de Sitter universe, which due to its exponential expansion 
surrounds the observer by a cosmological horizon, does not ordinarily have access to the data on 
the spatial slice at the infinite future X + . Thus, the physical meaning of X + , and more generally 
the data outside the observer 's horizon, is rendered suspect. But inflation came to a sudden end, 
followed by a period of reheating and the eventual formation of large scale structure. This allows 
us to access information on late time slices of this approximately de Sitter phase. This data would 
have become the data on I + , had inflation persisted forever, but is now reentering the visible 
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imiverse. We are in a sense 'metaobservers' of this early de Sitter era. Indeed, the scale invariant 
power spectrum of the CMB is direct evidence of the structure of the approximate X + of inflation. 
But the story doesn't end there. Many models of inflationary cosmology are sourced by a scalar 
held which may experience quantum fluctuations back up its inflationary potential. Hence, the 
global structure of the reheating surface may be far wilder than a smooth spacelike slice which we 
can access, and may lead to a never-ending production of post-reheating observers like ourselves. 
From this perspective, the silent era our own cosmos is entering is contrasted by the countless 
worlds spawning out of the early inflationary era. We are pressed to understand what the correct 
organization of this late time zoo of metaobservers is, in such an eternally inflating scenario. 

As we have already alluded, the second instance of an exponentially expanding universe is where 
our current expansion is heading. Experimental observations strongly indicate that we are enter- 
ing a phase dominated by a remarkably small, yet crucially non-vanishing, positive cosmological 
constant (for a discussion see [7]). Its energy density is about 10 -120 times the fourth power of the 
Planck mass. A universe whose energy density is eventually dominated by a cosmological constant 
classically asymptotes to a de Sitter space in the far future. Though far from clear, if the current 
cosmological constant indeed persists for all times, this will be the situation future observers will 
find themselves in. As we already mentioned, observers in such a universe live in a cavity bathed 
by the Hawking radiation emanating from the cosmic horizon, and are constrained to the obser- 
vations they make on their finite size lab wall. Virtually all the structure which grew out of the 
inflationary de Sitter era will be diluted away by the one that awaits. Thus, the question of how 
to make sense of the cosmic thermal cavity, known as the static patch, becomes vexingly relevant. 
Equally relevant becomes the question of where such a small cosmological constant could originate 
from and how to account for the unimaginably vast number of microstates, ~ 10 lol2 ° , coming from 
the Gibbons-Hawking entropy [6] of the cosmic horizon. From the perspective of an observer in 
the cosmic cavity, the basic theoretical problem that arises is the lack of a set of sharp observables, 
due to the lack of any asymptotic accessible boundary. 

It is our aim in this article to give an overview of some of the physics of asymptotically de Sitter 
spacetimes, and some of the attempts to address such questions. Though in no way comprehensive, 
we try to give an extensive list of references to allow the reader to further explore these matters 
more readily. We begin by discussing some basic aspects of the geometry of pure de Sitter space 
and the problem of observables. We continue by discussing the initial value problem for classical 
four-dimensional general relativity in the presence of a positive cosmological constant. After that, 
we discuss some notions of perturbative quantum states in a fixed de Sitter background, in both 
the language of a Fock space and wavefunctionals of held configurations. Then we discuss some 
known semiclassical results, such as decay rates for nucleation of giant Nariai black holes and the 
Hartle-Hawking proposal for a wavefunctional. The next section discusses some proposals and 
speculations for a non-perturbative definition of quantum gravity in an asymptotically de Sitter 
universe. Finally, we conclude by giving a list of open and potentially tractable questions related 
to these matters. We should emphasize, this is not a review on inflationary cosmology for which 
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there exist many excellent sources (for example [8] and references therein). Also, there are many 
topics we have left untouched even within the context of de Sitter physics, such as the question of 
infrared divergences which has become an active topic of discussion in recently. This is due to my 
own lack of expertise on such matters. 

1.1 Geometry of pure de Sitter space 

The pure four-dimensional de Sitter geometry is a maximally symmetric solution to Einstein's 
equations: 

Giiv = Rfiv - -^g^R + A-g pv = o , (1.1) 

with A = +3/£ 2 a positive cosmological constant. The cosmological constant measured in our own 
universe is given by A ~ 10~ 52 m~ 2 . The de Sitter geometry can be viewed as the induced metric 
on the four-dimensional hyperboloid: 

4 

-xi + Y,x! = e 2 , (i.2) 

i=i 

embedded in five-dimensional Minkowski space: ds 2 = — dX^+dX 2 . The various coordinate patches 
of de Sitter space cover some or even all of the hyperboloid. In what follows, we will restrict our 
discussion to four dimensions unless otherwise specified. 
The global geometry is described by the metric: 

ds 2 = -dr 2 + t 2 cosh 2 j (dip 2 + sin 2 ^dtt 2 ) , (1.3) 

where r£R and dO 2 = dB 2 + sin 2 9d<j) 2 being the round metric on the unit two-sphere. Constant 
r surfaces are three-spheres which shrink from X~ atr = — ootor = and grow from r = to X + 
at r = +oo. The Penrose diagram of global de Sitter is depicted by a square as seen in figure 1.1. 
Sometimes, it is more convenient to describe one half of the global geometry using planar spacelike 
slices: 

ds 2 = -dT 2 + e 2T/e dx 2 = (-fdrj 2 + dx 2 ) , (1.4) 

with x£l 3 and T € BL This coordinate patch is depicted in figure 1.2. The coordinate rj = —e~ T ^ 
is known as the conformal time coordinate. The planar metric covers the region of space inside 
and including the lightcone emanating from a single point at X~ (which lives at T — > —co). One 
can similarly describe the region of space inside and including the past lightcone emanating from 
a point at X + with the same coordinate system. In this case it is convenient to take T — > —T and 
r) —7- —rj to keep the time coordinates increasing in the forward time direction. 

Neither the global nor the planar geometries can be completely accessed by a single observer. 
Instead, the region of space accessible to a single observer is known as the the static patch and 
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Figure 1.1: Penrose diagram of de Sitter space. The full square is given by the global patch (1.3), 
with each interior point being a two-sphere. Also indicated are the future triangles (green) and the 
Southern static patches (red), each covering a quarter of the global space. 



described by the metric: 



r 2\ / r 2\ 1 



ds 2 = - M - — J dt 2 + M - p J dr 2 + r 2 dn 2 . (1.5) 

The coordinate ranges are r £ [0,£] and t G R. One may notice that the norm of the dt Killing 
vector vanishes at r = £. Indeed, r = i is a null surface that surrounds the observer at all times, 
known as the cosmological horizon. One can also describe the region to the future the cosmological 
horizon r € (£, oo) with the above coordinate system, and it describes what is known as the future 
triangle. A similar statement is true for the region to the past of the cosmological horizon. We can 
also consider an extension of the static patch that includes the region in a single static patch as 
well as the future triangle which is smooth across the horizon: 

" V ' " + p 2 ) dr 2 + drdp + (1 - 2ap) z dQ 2 2 , (1.6) 
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with r E IR and p E (l/2a, — oo) with X + at p — > — oo. Constant p slices are null rays emanating 
from the worldline at p = l/2a reaching all the way out to X + . The horizon is at p = 0. The 
patches (1.5) and (1.6) are depicted in figure 1.1. We can also describe the hyperbolic patch of de 
Sitter space described by the metric: 

ds 2 = -dt 2 + sinh 2 - dHl , (1.7) 
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Figure 1.2: Left: Penrose diagram of de Sitter space depicting the de Sitter/de Sitter patch (1.8) 
with a constant spacial dS3 slice (central red diamond) and the hyperbolic patch (1.7) with a 
constant time T~L^ slice (top green corner). Right: Penrose diagram of future directed planar patch 
(1.4) containing X + and a constant time R 3 slice. 

where i € R and dH 2 = dB 2 + sinh 2 (i?/ 'ijdfl 2 , is the standard metric of hyperbolic three-space. 1 
Another patch of de Sitter space is radially foliated by three-dimensional de Sitter space and we 
call it the de Sitter/de Sitter patch: 



The coordinate regions are now w £ [0, ir] and f € R. Notice that there is a horizon at w = and 
w = ir. The de Sitter /de Sitter and hyperbolic patches are depicted in figure 1.2. Finally, we can 
have a patch foliated by H2 x R slices: 



with r G R, x ^ x + £ and dH?, = dR 2 + sinh 2 (R/ £)d(f) 2 is the standard metric on hyperbolic 
two-space. 

The isometries of four-dimensional de Sitter space are given by 5*0(4, 1). This isometry group 



H 2 x S 1 or S 3 in the case of pure de Sitter. There is no global timelike Killing vector and hence 
no positive energy theorem, at least in its traditional form. In fact, global slices are compact and 
consequently conserved (gauge) chargés vanish on global slices. One may also consider solutions 
given by smoothly quotienting the metric on X + . For example we can quotient R 3 to a three-torus 

1 It is worth mentioning that this geometry (with negative curvature constant t spacelike slices) is the geometry 
that arises inside a positive A Coleman-De Luccia bubble nucleated in some false vacuum. 




(1.8) 




(1.9) 



manifests itself as the conformal group of the three- metric on which may be R 3 , S 2 x R, 
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and %3 to a compact hyperbolic three-manifold. In doing so, one may develop singularities in the 
bulk where cycles shrink to zero size. 

As a final note on the geometry of pure de Sitter space, we mention that its Euclideanization 
is given by the round metric on the four-sphere. In global coordinates this can be seen by taking 
r — > ir, in static patch coordinates by taking t — > it, in de Sitter/de Sitter coordinates by taking 
f — > if and in hyperbolic coordinates by taking dH^ — > — d£l\ and i — > it. 

1.2 Observables? 

Perhaps the basic unresolved question for asymptotically de Sitter universes regards the (non)- 
existence of precise observables (see for example [9, 10]). In a theory of gravity we must let go of 
our notions of local observables, as attempting to collect too much information in a confined region 
of space will eventually cause a gravitational backreaction, and in the most dramatic of cases lead 
to the formation of a black hole. To avoid this, we typically consider data living at some asymptotic 
region of space. For example, we could consider the the S-matrix at null infinity of asymptotically 
flat space or the boundary correlators at the timelike boundary of asymptotically anti-de Sitter 
spacetimes. De Sitter space has no such asymptotic region given that observers are surrounded 
by a finite size cosmological horizon. Instead it has asymptotic regions in the infinite future and 
past. These are infinite spacelike slices which are causally inaccessible to a single observer, save 
a horizon sized region. Thus, there is a classical uncertainty associated with the measurements of 
asymptotically de Sitter observers. On the other hand, if the de Sitter length is parametrically 
large compared to the Planck scale, we should be able to make increasingly precise observations. 
These observations are naturally made as the data reaches the worldtube of an observatory inside 
the cosmological horizon. 

In this spirit, we begin our discussion with a classical consider ation of asymptotically de Sitter 
universes and the different notions of data used to specify the initial value problem. 

2 de Sitter Space Classical 

The beauty and confusion of de Sitter space already manifests itself at the level of classical grav- 
ity. In this section we discuss some considerations of a purely classical four-dimensional de Sitter 
universe governed by Einstein's equations with a positive cosmological constant. If there is also 
matter present in our considerations it will always satisfy the null energy condition. 

2.1 Cauchy Problem 

Ordinarily, the way we think about classical gravity is to impose some data, subject to constraints, 
on a spacelike slice So and evolve it to the future using Einstein's equations Q^ v . This is known 
as the Cauchy problem in general relativity [11, 12, 13]. The data is given by the induced metric 
on So, denoted by h^ v , and the extrinsic curvature of the Cauchy foliation k^. Let the timelike 
unit normal to Sq be given by n M , such that h^ u = g^ u + n^n u and k^ = C n h^ u /2. One finds that 
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the equations n fJi n u Q^ 1 ' = n^Q^' 1 = (the index i is tangent to So) contain only first derivatives 
in time and thus act as constraints on h^ v and k^ v . These are the momentum and Hamiltonian 
constraints related to coordinate reparameterizations on So and the absence of a local notion of 
energy in general relativity due time reparameterization invariance. Evolving the constrained data 
from So determines the solution in the domain of dependence T>{T,q) of So, given by all points 
whose causal past lies on So (see figure 2.1). We can apply the Cauchy problem to Einstein gravity 
in the presence of a cosmological constant A = +3/£ 2 . Given that the global spacelike slices are 
compact, data on an initial spacelike slice So determines the geometry all the way into the future. 
This may evolve toward a singular solution or to a smooth I + depending on the initial data. 

A large class of late time nonlinear solutions 2 can be expressed as a Fefferman-Graham expansion 
[16, 17] in a small parameter 77: 

The coordinate r] is the conformal time and the limit 77 — > is a late time spacelike slice that tends 
to I + . We have fixed the synchronous gauge g vv = —r/" 2 and g V i = 0. The boundary data is given 
by the three-metric gf^ on Z + and a transverse-traceless tensor g^\ tr g (o)<^ = V^^gj^ = 0. 
The coefficients of all other powers of r\ are completely determined by g^ and </ 3 ). 3 One can use 
diffeomorphisms tangent to X + to kill three components of gf^ and one of the four-dimensional ones 
to fix its determinant, leaving two degrees of freedom in gf^ . The transverse-traceless property of 
g^ leaves two degrees of freedom in as well. Together, \Æ^-,9i^ form the boundary data 
of an asymptotically de Sitter universe. More precisely, it is the conformal class (9^ , 9^ 

(£l 2 gjjj\ f) -1 <7^^ , for some smooth non-zero function $7(x l ), that constitutes the boundary data. 

An important mathematical theorem due to Friedrich [18], is that the above Cauchy problem is 
well posed. Given the data \9ij\9ijj a ^ Z + and assuming the Cauchy slices are compact (though 
not necessarily topologically three-spheres) there is a unique extension of the solution into the bulk 
realizing the data at X + . Furthermore, small deviations from this data result in small variations 
of the extended bulk solution. The result was extended to all even dimensions by Anderson [19]. 
From the other end, one can ask what class of initial conditions leads to an asymptotically (locally) 
de Sitter universe in the future. It has been proposed in what has come to be known as the 
cosmic no hair theorem [6, 20] that (almost) all expanding solutions of the Einstein equations in 
the presence of a positive A classically evolve to a locally de Sitter universe in the far future. This 
proposal has been verified for several classes of geometries [21, 22, 23, 24], though a small class of 
counterexamples is also known. 

A large class of (siij\9ijj & t I + will contain a big bang type singularity in the past. Similarly, 
given that the global geometry is contracting if we begin at Z~ , a large class of data at I~ will never 

2 Though we do not discuss linearized gravity in a fixed de Sitter background in this article, a very complete 
discussion can be found in [14, 15]. 

3 For example gjj = Rij[g^] — -RIs' ']*?^ /4, which is the Schouten tensor of in three-dimensions. 
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Figure 2.1: The Cauchy (left) and Tamburino-Winicour (right) boundary vale problems. The data 
lives on the blue lines and specifies the solution in the shaded region which is either a Cauchy 
spacelike slice (left) or a worldline with a null line (right). 

evolve into asymptotically de Sitter space due to the formation of a big crunch. There exist results 
of interest relating the topology and curvature of the geometry at with the existence of bulk 
singularities [25]. For instance, in four dimensions in order for there to be a geometry smoothly 
connecting T~ to X + the (compact) Cauchy surfaces must have a finite fundamental group, like S 3 
or quotients thereof. Also, if the conformal class of metrics on Z~ contains a metric with constant 
negative scalar curvature then all timelike geodesics are future incomplete [25]. 

2.2 Null-Timelike Initial Value Problem 

Recall that the global geometry of asymptotically de Sitter spacetimes cannot be completely ac- 
cessed by a local observer. From a local perspective, such as an observer restricted to a lab confined 
to live inside some finite size worldtube, a large part of the initial data on the So will remain out 
of causal contact and never be observed. 4 We can picture this by drawing the past null cone of 
the lab wall which has reached X + . In particular, we can partition Eo into its observable part 
S Q fe s and its unobservable part T, u . The physical relevance of data that is forever unobservable is 
questionable. In any event, we are prompted to consider a more 'observer friendly' boundary value 
problem. This was addressed for vanishing A by Tamburino and Winicour [26]. These authors 
considered the problem of data on a worldtube T of some finite thickness and a null surface Nq 
emanating toward the future from some initial spacelike slice of T which we may denote by So (see 
figure 2.1). A natural coordinate system for this problem, first considered in [27, 28], is: 

ds 2 = —g U udu 2 — 2 (g U rdr + g ua dx a ) du + r 2 g a bdx a dx b , a, b = 1, 2 . (2.2) 

The determinant of g a b is fixed to be: det g a b = f(x a ) 2 where f(x a ) is a function of the x a only. The 
it-coordinate is a timelike coordinate on the worldline and the r-coordinate describes the position 
on the null surface emanating from T at some given u. The x a -coordinates describe the position 

4 We are assuming here that there is no exit from inflation, i.e. our space is asymptotically de Sitter everywhere. 
Observers that do exit from inflation may be able to access a larger part of Sq. 
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on the two-sphere at constant r and u. 

It was shown [26] (see also [29]) that knowing g a b on T as a function of u and x a , g a b on Nq 
as a function of r and x a and g uu , g U a,r on So (as functions of x a only) allows us to determine the 
solution to Einstein's equation in the region between T and iVo. Though this problem has not been 
addressed in the context of Einstein's equations with positive A and it would be very interesting to 
do so. In particular, one might want to understand the relation between the data on (r, Nq, Sb) and 
the Fefferman-Graham data ^ffjj^jfl^J a ^ ^ + ■ It is a ls° worth mentioning that the consideration 
of data on a timelike surface has played a role in asymptotically anti-de Sitter spacetimes. In this 
case, one specifies sources on the timelike boundary and studies their response by solving for the 
bulk. 

2.3 Bondi Problem and Sach's Double Null Problem 

For the sake of completeness we mention two other boundary value problems that have been consid- 
ered when studying Einstein's equations with vanishing cosmological constant. These are depicted 
in figure 2.2. 

The first is the Bondi problem [27], which was considered in [30] for four dimensional de Sitter 
space. The worldline data on V we previously considered is pushed all the way to X + . This data, 
which lives on an interval of X + , in addition to the data on a null slice Nq emanating from a 
localized radiating source to I + as well as data on a two-sphere S° at X + specifies a solution. 

The other setup, considered by Sachs [31], specifies data on two null slices intersecting at a 
common two-surface E. For the double null problem (with A = 0), one builds a line element of the 
form: 

ds 2 = -e 2q dudv + e 2h g ab {dx a + C a du) (dx b + C h du) , (2.3) 

with det g a b = 1, C a = on the initial null slice v = Vq and q = on the initial null slices v = vq, 
u = uq. The data g a b(x a ,u) on v = vq and g a b(x a ,v) on u = uq in addition to h, C a>v , h tU and h tV 
on S determine a solution to the future of the null slices. It can be shown that an analogous setup 
exists in the presence of a non- vanishing, positive A [32]. We should emphasize that constructing 
the geometry in the future triangle (outside the observer's horizon) from data on two null slices 
allows us to keep track of how this geometry is related to the data of the Northern and Southern 
static patches in figure 1.1. For instance, it allows is to consider variations of the data from a single 
static patch on the v = vq null slice while maintaining the data on the u = uq null slice fixed. 

2.4 Asymptotic Symmetries 

The notion of symmetry in theories of gravity is subtle. Though some special solutions have an 
isometry group associated to them, generically this is not the case since the metric is sensitive to all 
surrounding matter and the symmetries are destroyed. A useful notion that appears in the context 
of classical general relativity is that of asymptotic symmetries. These are the set of diffeomorphisms 
subject to some (physically motivated) boundary condition, that alter the physical boundary 
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Figure 2.2: The Sachs double null (left) and Bondi (right) boundary vale problems. The data lives 
on the blue lines and specifies the solution in the shaded (red) region. The green line indicates 
some localized radiating source in the Bondi problem. 

data. In certain circumstances, one can associate to each of the asymptotic symmetries a charge 
generating the symmetry and study the algebra of the chargés. Choosing the appropriate boundary 
condition is somewhat context dependent. A well known example is given by the symmetry group 
of asymptotically flat spacetimes. This was dermed in the seminal works of Bondi, Metzner [27] and 
Sachs [33]. They found that the asymptotic symmetries of asymptotically flat spaces comprise an 
infinitt dimensional group, the BMS group, containing the (finite dimensional) Poincare symmetry 
as a subgroup. 

The asymptotic symmetry group of four-dimensional de Sitter space has been analogously stud- 
ied [30, 34, 35, 36]. In the global case it was found that for boundary conditions allowing variations 
of the conformal metric on X + the asymptotic symmetries comprise the full set of diffeomor- 
phisms tangent to X + . Given a bulk spacelike three-slice £ intersecting X + at some two-slice 9S, 
the chargés associated to the £ are found to be 5 the Brown- York chargés [37, 38, 39, 40, 41, 42, 43] 

Qdm = -^af tfx^n^gf , (2.4) 

where a is the determinant of the induced metric on <9X and n l is normal to <9£. Furthermore, the 
flux between bulk two slices intersecting X + at dYi\ and dY^2 is given by [34]: 

Qt[dX 2 ] - QdffEx] = I gMCtgW^fz . (2.5) 

where B\2 is the region on I + between <9£i and dT,2- 

As we mentioned before, for a local (eternally de Sitter) observer who cannot access the full data 
on a spacelike slice Eo, it is unclear what the physical meaning of the inaccessible data is. On the 
other hand, along with the wordline data of the observer herself, this inaccessible data determines 
the geometry outside the cosmological horizon, i.e. in the future triangle. Thus, one may ponder 

5 Notice that the chargés are given solely by a boundary term which would not be present if the slice did not cut 
T + at some <9E. Indeed on a compact global three-slice E the chargés above would vanish. 
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on other interesting ways to fix the data on S M . One motivation may come from requiring that the 
asymptotic symmetries comprise the isometry group of pure de Sitter space, 5*0(4, 1), in analogy 
to the case of anti-de Sitter space. In order to do so, one could tune the data on S u such that for 
any variation of data on T and the observable part of Ao, the variations of gf^ vanish. Though 
such an initial value problem severely violates causality, this violation is classically inaccessible to 
the local observer. Evidence that this is possible was given at the linearized level in [35]. Another 
possibility is to consider freezing the unobservable data, such that the variations of data reaching 
X + are encoded fully by variations of data on V and the observable part of Ao [44]. 

2.5 Cosmic Fluids 

Let us now consider again the local observer and her worldtube. If we push the size of our worldtube 
to approach the de Sitter radius E, we are forced to study the dynamics of metric deformations 
very near the cosmological horizon. The problem mimics similar analyses in the context of the 
near horizon regions of black hole geometries [45, 46, 47, 48, 49, 50] beginning with the seminal 
work of Damour [51]. The basic idea is that solutions to Einstein's equations in the near horizon 
limit are organized in the form of solutions to a Navier-Stokes equation. This is related to the fact 
that near horizon regions encode the deep infrared behavior of fields (due to an increasing redshift 
factor) and the Navier-Stokes equation encodes the deep infrared physics of a rather universal 
set of systems. It was shown in [44] that the dynamics of non-linear metric deformations very 
near the cosmological horizon are indeed governed by the incompressible (non-relativistic) Navier- 
Stokes equation. The radial direction emanating away from the timelike surface is p and the time 
coordinate is r. Constant r and p surfaces are two-spheres parametrized by f2 = (0,(p). The 
deformation is expanded in a dimensionless near horizon parameter a which is tåken to be small, 
and parametrized by v 1 , P and 4\ which are functions of (r, Q*) only. As Dirichlet boundary 
conditions on the p = 1 timelike hypersurface (which in the a — > limit is parametrically close 
to the horizon) one requires the perturbations to preserve the induced metric on the hypersurface 
p=l: 

ds 2 3d = (~ + l^j dr 2 + (1 - 2a) 2 dO 2 , , (2.6) 

up to a conformal factor: 

l + 2aP + 0{a 2 ). (2.7) 

Then, imposing the Einstein equations with A > and taking the limit a — > 0, v 1 and P are found 
to obey: 

drtf + V l s2 P + VjVjpV* - v (V 2 2 v l + R)v j ) = , V^Vi = , (2.8) 

to leading order in a. As mentioned, this is nothing more than the incompressible Navier-Stokes 
equation with v = 1 + O(a). 
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2.6 Quasinormal Modes 

As a final note we discuss the quasinormal mode spectrum of de Sitter space. Quasinormal modes 
are a particular set of perturbative modes that encode the dissipative nature or 'ringing' of a 
given background [52]. The recipe to compute them is given by solving the linearized equations of 
motion of some matter held, such as the graviton, and demanding that the solutions obey specific 
properties. In the case of an asymptotically flat Schwarzschild solution, it is demanded that the 
modes are purely outgoing at future null infinity and purely infalling into the black hole's future 
horizon. In the de Sitter case [53], working with the static patch coordinates (1.5), we impose no 
incoming flux from the past cosmological horizon and that the modes be regular near the worldline 
at r = 0. The idea is to capture the ringing of the spacetime by sending an isolated pulse from the 
worldline and study the behavior at late times. 

As an example consider a scalar held &(x) of mass m. Expanding the held in a Fourier basis 
3>(cc) = e~ lujt Yi m (6 , 4>) Rf m ( r ) > we find that these boundary conditions restrict the cj's to a discrete 
set: 

uj±£ = -i(^2n + / + | ± \J\-™ 2 t^j . (2.9) 

Similar results hold for more general fields. Notice that for sufficiently light fields, the de Sitter 
quasinormal mode spectrum is pure imaginary. This is in contrast to the quasinormal mode spec- 
trum of the Schwarszchild black hole [54, 55, 56] or asymptotically AdS black holes [57, 58] which 
typically have a real part which is some function of the momenta. Given that lo^ have a negative 
imaginary part, the de Sitter quasinormal modes decay exponentially at late times. 

3 de Sitter dressed in Black 

In this section we briefly discuss a particularly interesting non-linear solution to Einstein's equations 
with positive A: the Schwarzschild-de Sitter geometry. The metric for the non-rotating case is given 
by: 

dt 2 + (l -j 2 dr 2 +r 2 dn 2 2 . (3.1) 

The gu component of the metric has two positive real zeros, r c (M) and r + {M) with r c > r + which 
are the cosmological and black hole horizons. It has been shown in [61] that the Schwarzschild- 
de Sitter geometry is perturbatively stable with respect to gravitational perturbations. As the 
parameter M > increases, r c and r + tend to each other and eventually meet at a critical mass 
M c = £/ '3\/3. This is known as the Nariai limit. For M > M c one finds a cosmological solution 
with no horizons reaching all the way to X + with a spacelike singularity at r = 0, where r is now 
a time coordinate. Indeed, for M > M c one can identify t & W without introducing closed timelike 
curves. For M < 0, one finds only one horizon and a naked timelike singularity at r = 0. It is 
important to note that there are no planar black hole solutions in a theory of gravity with positive 
A, in stark contrast to the AdS case. 
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Figure 3.1: Region in the (r + ,a)-plane allowing for smooth black hole solutions. The static patch 
geometry lives at the origin. 

One can generalize to the case of rotating black holes as well which are specified by the mass 
parameter M and the spin parameter a. The horizons are now given by the zeroes of: 



The geometry of rotating black holes in de Sitter is discussed for example in [66, 67]. The function 
A r has four real roots when M > 0. These correspond to the cosmological horizon r c , the outer 
and inner black hole horizons < r± < r c and a horizon r n < living behind the ring singularity 
at r = 0. When the outer and inner black hole horizons coincide, we have an extremally rotating 
black hole. For a special function of M(a) one finds that the surface gravity of the black hole and 
cosmological horizons coincide and the black hole is known as lukewarm. When the cosmological 
and outer black hole horizons coincide we have a rotating Nariai geometry [66]. In figure 3.1 we 
show the allowed phase space of non-singular de Sitter black holes as a function of r + and the spin 
parameter a. Notice that one cannot make arbitrarily large black holes for any M and a and in fact 
the space with the largest cosmological horizon is pure de Sitter space itself! These are strikingly 
different features from say anti-de Sitter or flat space black holes. 

3.1 Nariai Geometry 

In the case r c —> r + we can in fact take a near horizon limit, zooming into the region between the 
horizons. This is accomplished by introducing: 





r = At/r, 



r — 




(3.3) 
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Figure 3.2: Penrose diagram of dS2- 



and taking the limit A — > while keeping /3 fixed. This leads to the Nariai metric [62]: 



ds 2 



-dr 2 p{p - /?) + 



dp 2 



P(P-P) 



d&2 i • 



(3.4) 



which is nothing more than the dS2 x S 2 geometry. The Penrose diagram of dS2 is depicted in 
figure 3.2. The original black hole horizon now lives at p = and the cosmological horizon lives at 
p = (3. The quasinormal modes of the Nariai black hole in de Sitter space were considered in [65] 
and are found to be: 




n+ \ )i + J(l + 2)(l-l) 



1 



(3.5) 



where l is the angular momentum on the S 2 and the frequency uj n is measured with respect to the 
r-coordinate in (3.4). When geodesically completing the space to: 



ds 2 



-dr 2 + cosh 2 -dif) 2 +£ 2 dUt 



(3.6) 



a new future/past boundary develops at r — > ±oo. Notice that (3.6) is not an asymptotically 
dS4 universe. On the other hand, it is unknown what class of initial Cauchy data preserves the 
asymptotic structure of the global Nariai universe and it may be extremely limited [63, 64]. 

Had we also included angular momentum we would have found a similar near horizon limit whose 
geometry is given by the one-parameter family of rotating Nariai metrics. In global coordinates: 



ds z = T(6) -dr z + cosh^ -d^ + a{0)dti* +7(0) # + A;tanh-# 



(3.7) 



The functions T(#), a(8) and -y(9) can be found in [66, 67]. Geometrically, the space is an S 2 
fibered over a dS2 base space and there exists a future and past boundary at r — > ±oo. In 
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this limit, a and M are related to r c as: 



ri (1 ~ grg/g) 
l + r 2 /£ 2 



M = 



r c (l-r c 2 /l 2 ) 2 
1 + r 2 /i 2 



(3.8) 



It is worth mentioning that the asymptotic symmetry group at of the rotating Nariai geometry 
is the (infinite-dimensional) Virasoro algebra with central charge [67]: 



The Virasoro algebra is the symmetry group of two-dimensional conformal held theories and may 
suggest that the language of 2d CFT's is intricately connected to the rotating Nariai geometry, 
perhaps holographically. Further evidence for this idea was pursued through an extensive study of 
quantum fields in the rotating Nariai background [68]. We could also consider adding a U{1) gauge 
symmetry and study charged black holes in de Sitter space. Quite remarkably, in this case a set of 
time dependent multi-black hole solutions have been discovered by Kastor and Traschen [69]. 

Finally, we would like to make a brief comment about a set of black hole solutions to Einstein 
gravity with a negative cosmological constant, known as topological AdS4 black holes. These black 
holes have a horizon with a %2 geometry and can have lower energy than the AdS4 vacuum with 
%2 slicing. However, their energy is bounded from below by the critical hyperbolic black hole which 
has a near horizon geometry given by AdS2 x Ti 2 . The set of topological AdS4 black holes with 
energy lower than the AdS4 vacuum is a direct analytic continuation of the de Sitter black holes 
and in particular, the AdS2 x 7i2 solution is an analytic continuation of the dS2 x S 2 Nariai solution. 

4 de Sitter Space (Slightly) Quantum 

In this section we discuss the quantization of a non-interacting massive scalar held in a fixed de Sitter 
background. When working in a flat space background with a global timelike Killing vector, one 
finds it rather straightforward to denne what is meant by energy. This comfort quickly dissipates 
in curved backgrounds and almost completely disappears in a time-dependent background where 
there is no global timelike Killing vector. Such is the case of de Sitter space. What do we mean by 
the 'vacuum state' of a quantum held? 6 

4.1 Bunch-Davies State 

Let us for simplicity consider a free scalar held <3?(x) = i]ip{vi)e %k ' x with mass mina fixed de Sitter 
background with planar slices (1.4). The wave equation is given by: 



cl = 



12r e V(l - 3r c 2 /l 2 ) (1 + r 2 /l 2 ) 
-l + 6r 2 /£ 2 + 3ri/£* 



(3.9) 




(4.1) 



6 A wonderful overview of quantum field theory in curved backgrounds is given by [70]. 
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There are two-linearly independent solutions to this equation given by: 



<Pl = \{irn) 1,2 J v {kri) , w = ±{irr,) ll2 Y v (kn) . (4.2) 
We have normalized with respect to the Klein-Gordon inner product, 

(<Pn,Vm) = -i j d 3 xVhn> X (wn^t(Wm)) = S nm , (4.3) 

where £ is a spacelike three-slice with induced metric hij and future directed norm n^. The 
functions J v (z) and Y v (z) are Bessel functions of the first and second kind and v = -y/9/4 — m 2 £ 2 . 
One can also solve the equation of motion near I + , i.e. r) — )■ 0, to find the following asymptotic 
form: 

V± ~ (-^) 1/2± " • (4-4) 

Notice that becomes an oscillatory mode with positive frequency \v\ for m£ > 3/2. Finally, we 
can examine the modes in the region k\rj\ — > oo residing well within the cosmological horizon. We 
find that the combination: 

hm (^-^ 2 )^-L e -^, (4.5) 

kn— >oo v2fe 



is equivalent to a positive frequency mode in Minkowski space with respect to the canonical vacuum 
state. 

Positive frequency modes in the Bunch-Davies (or Euclidean) vacuum state \E) are those which 
become the positive frequency modes in Minkowski space upon taking the limit k\r)\ — > oo [71] (see 
also [72]). These are given precisely by <pe = Pi — if2- We can thus expand our quantum field in 
terms of the creation and annihilation operators of I-E): 

E (r,, x)=J2 [of <PeM<&* + («f ) ^*E,Me- itS ] . (4.6) 

The creation and annihilation operators satisfy the usual properties: 

af|£>=0, [af,(af)t] = <5 fefc , . (4.7) 

As usual we can build a host of other states by acting with af and (of)' on \E). We will discuss 
several features of \E) in the following subsections. 

One need not restrict themselves to the Bunch-Davies vacuum. Indeed, the 'vacuum' state of 
the quantum field could be rather different. For instance, one could consider the |out)/|in) states 
which are annihilated by positive frequency modes in the far future/past, i.e. modes which behave 
as ~ {—r]) l / 2 ~ L ' as we approach Z + /Z~, or a more general family known as the a-vacua [73, 74], 
parametrized by a complex number a. These vacua and their properties are reviewed in [75, 76]. 
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4.2 Two-point functions 

One can also define the Wightman Gw(x,x') function for the field $(æ). This solves the equation: 



V^Vf.Gwix, x') - m 2 G w {x, x') = . (4.8) 

If we demand that Gw be de Sitter invariant, it follows that it can only depend on the de Sitter 
invariant distance between two points d(x,x') = £ aiccos P(x, x'). For planar coordinates one finds 
P(x,x') = {rf + 7]' 2 — (x — x') 2 )/2(rjr]'). Thus we obtain two de Sitter invariant solutions to (4.8) 
which are given by hypergeometric functions. In terms of P, Gw obeys: 

(P 2 -l)^ + (d+ 1)P^ + m 2 l 2 G w = , (4.9) 

where [d + 1) is the dimensionality of spacetime. 

In addition to de Sitter invariance, we must specify one additional condition to fully fix a 
solution. This condition can be related to the presence of singularities of G\y as a function of P. 
All solutions to (4.9) have singularities at the antipodal point P = — 1 except one. The one with 
no antipodal singularity is the Green function arising from Bunch-Davies vacuum state \E). 7 In 
terms of the Euclidean modes $> E (x) = rjip E (x) in (4.6) we can write the Euclidean Green function 
G w as: 

„v , t \ , „, - w , vip, r[/i+ir[/i_i „ / , d + 1 i + p(x,x')\ 

(4.10) 

where h± = d/2 ± i^m 2 £ 2 — d 2 /4. The short distance singularities of G w (x,x') reproduce those 
in flat space and as was mentioned, it contains no antipodal singularities. 

One may also wish to consider the de Sitter invariant two-point function which solves (4.9) but 
behaves purely as ~ (— rj) 1 ^ 2+u or ~ (— r/) 1 / 2- " near X + . For v £ IR, such a two-point function is not 
given by an expression such as (4.10) for any normalizable state and is referred to as a two-point 
function with future boundary conditions [35, 78]. This two-point function, unlike the two-point 
functions arising from any of the normalizable a-vacua, is related by an analytic continuation to the 
two-point function in the canonical vacuum (with respect to the global timelike Killing vector) of 
AdS4 [35]. As we will discuss in section 6, these are the two-point functions related to the dS/CFT 
correspondence. Notice that the future boundary condition two-point functions have singularities 
at the antipodal point. 



7 These are also the Green functions that arise from analytic continuation of the Green function on the (d + l) 
sphere, which is Euclidean de Sitter space. See [77] for a discussion. 
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4.3 Retarded Green function 



We can also compute retarded correlators, particularly near the worldline of the observer [79], i.e. 
r = in static patch coordinates. These obey an equation: 

(V% - m 2 ) G R (t; (r, Cl), (r', Cl')) = -L(J(t)5(r - r')5(Cl - Cl') , (4.11) 

v-a 

with Gr = for t < 0. It is convenient to perform the coordinate transformation r = itanhy. 
Consider a scalar held r, fl) = (tanh. y)~ 1 x{t,y,Q) with initial profile of %(0, y, Q). We can 
express its time evolution as: 

X (t, x) = j dx' G R (t; x, x') d tX (0, x) + j dx' d t G R (t; x, x') X (0, x) , x = (y, (1) . (4.12) 

We must specify conditions for the x(i,x). In direct analogy with the case of black holes [60], we 
consider solutions to the wave equation with no incoming flux from the past cosmological horizon, 
which we call Xout(t,x), and solutions which are regular near the origin, which we call Xreg(t,x). 
Then one can show that the Fourier transform in time of Gr (expanded in spherical harmonics 
Y lm (fl)) is: 

Gr(uj, y, y') = — 9 - — — , y < y 1 , (4.13) 

and with x l ™ g an d Xwt switched for y > y' . The function W(uj,l,m) = X l ™gdyX l £lt ~ X^t^yXr^g^ 
known as the Wronskian, is independent of y. The zeros of W (u, l, m) are the poles (in the complex 
lo plane) of Gr and are nothing more than the quasinormal modes discussed in section 2.6, see flgure 
4.1 for an example. In [79] the structure of Gr near the worldline where y, y' — > was studied. It was 
found that the 'worldline correlators' exhibit a hidden SL(2, IR) symmetry. Though not an isometry 
of de Sitter space itself, this hidden SL(2, IR), reminiscent of similar hidden symmetries found upon 
studying the wave-equation in a Kerr background [80] , is related to particular conformal symmetries 
of dS4. A particularly simple example is that of a conformally coupled scalar with m 2 £ 2 = 2 for 
which: 

/ . \ -(M+2) 

lim G%(t)<x0(t) sinh- , (4.14) 

r,r'->0 \ Il J 



where we recall l is the total angular momentum on the S 2 . This is precisely the form of the 
retarded Green function of a (0 + l)-dimensional SL(2, IR) invariant theory, i.e. conformal quantum 
mechanics [81]. The SL(2,M) symmetry arises from the fact that dS4 is conformally equivalent to 
AdS2 x S 2 - it is the isometry group of the AdS2- 

Of course the boundary conditions we have imposed on x are by no means unique and we 
may consider allowing radiation from the past horizon if we wish. Furthermore, we may consider 
defining more general conditions at some surface r = e away from the worldline. In such a way one 
could construct a more general class of worldline correlators. 
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Figure 4.1: Density plot of absolute value of Gr(u) in the complex w-plane for m i = 1, l = 1. 
4.4 Wavefunctionals 

A complementary approach to constructing quantum states is to build a transition amplitude 
between some initial and final configuration of the held <&(x). For instance, we can consider the 
path integral of a held which is a positive frequency mode with respect to the Bunch-Davies vacuum 
at some very early time and ends in some late time configuration 4>(x). The condition that the 
modes are born out of \E) amounts to a 'no boundary condition' in the far past where k\rj\ 3> 1, 
which can be achieved by adding a small imaginary part to rj. The path integral at some late time 
\t]q\ <C 1 becomes: 

* E [W,<I>] oce^*»*] , (4.15) 

where S[rjo; (f>\ is the late time part of the action evaluated on-shell and the constant of proportion- 
ality does not depend on </>. The absolute value squared of the wavefunctional may be interpreted 
as the probability V[(p\ for a given late time configuration (f). 

Let us consider the case of a massless scalar field in planar coordinates. Modes satisfying our 
boundary conditions and solving (4.1) are given by: 

Hr, *)=/"— fl-tt^ (4 16) 

We can thus compute the probability distribution coming from the wavefunction (4.15): 

Using the above wavefunctional, one can for example compute the late time Wightman function of 
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a massless field in the Bunch-Davies vacuum by performing the integral: 



77,77'— >o 



lim {£'1^(77, ^^(r?', y)!^) 



/ 



1 f d 3 k 
2P J (2^)3 




1 



(4.18) 



Notice that to achieve the above correlator we had to integrate over the late time configurations. 
In the same way, one can (perturbatively) construct wavefunctionals for metric perturbations and 
other matter fields about a fixed de Sitter background. 

One may also consider the two-point functions obtained by taking variational derivatives of 
with respect to the boundary values of the fields. Focusing again on the case of the massless 
field, it is a straightforward calculation to show that [82]: 



These two-point functions are nothing more than the future boundary two-point functions discussed 
in the previous subsection. By taking n variational derivatives of ^e, one can in fact view $g as 
the generating functional of n-point functions with future boundary conditions. 

4.5 Branching Diffusion 

We would like to make one final comment about the evolution massless fields. Consider an initial 
configuration of a massless field in a fixed de Sitter background. As time passes, space expands 
and eventually some of the modes of the quantum fluctuations about the classical field configu- 
ration grow large compared to the horizon scale. These modes freeze, classicalize and no longer 
communicate with the sub-horizon modes. The quantum fluctuations of the frozen modes in turn 
grow large as the space further expands and eventually themselves freeze and classicalize. This 
branching diffusion process [83] continues all the way up to Z + , thus populating it in one of the 
plethora of possible late configurations. In fact the correlation functions for massless fields in the 
Bunch-Davies vacuum grow logarithmically for large distances and thus there is no notion of cluster 
decomposition for these fields in a de Sitter background. Such an effect, in contrast, does not occur 
in AdS4 or four-dimensional flat space. We will return to the question of how this 'landscape' of 
late time configurations is organized in section 7.3. 

5 de Sitter Space Semiclassical 

Having discussed some classical and (slightly) quantum results, we proceed to give a brief account 
of several semiclassical aspects. These are quantum phenomena that cannot be accounted for from 
a perturbative analysis. 




(4.19) 
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5.1 Thermo dy namics 

The laws of black hole thermodynamics [84, 85] were a crucial stepping stone paving the way toward 
a more complete understanding of the microscopic nature of a black hole. The basic observation 
was that classically physical processes can only lead to an increase in the area Abu of the black 
hole horizon (area law) and the way the area responds to classical processes follows an equation 
equivalent in form to the first law of thermodynamics, namely: 

5M = T BH $Sbh + n H 6J , (5.1) 

where 5M is the change in the ADM mass, Tbh is the surface gravity divided by 2tt, Qh is the 
angular velocity of the horizon, SJ is the change in ADM angular momentum and Sbh = Abh/^G. 
Hawking famously discovered that Tbh is in fact the temperature of the black hole as measured by 
a far away observer. The appearance of the first law was no coincidence and a statistical mechanics 
interpretation was eventually provided by string theory [86]. The black hole entropy is interpreted 
as a count of the number of microstates with macroscopic quantities equivalent to those of the black 
hole they constitute. 

In analogy to the case of black holes, it was proposed by Gibbons and Hawking [6] that there 
exists an entropy associated to the pure de Sitter horizon: 

ir£ 2 

SdS = -^- (5.2) 

This de Sitter entropy is proportional to the area of the horizon, as in the case of black hole 
entropy. Furthermore, as with all horizons, Hawking's famous result tells us that the de Sitter 
horizon has a temperature associated to it, given by T^s = l/2ir£. A quick way to see this is 
to Euclideanize the static patch geometry by taking t —> He and noting that one can only avoid 
conical singularities in the Euclidean geometry by taking ts ~ + 2tt£. The temperature of 
a system whose physical quantities are periodic in Euclidean time is given by the inverse of the 
periodicity. For the cosmological constant measured in our own universe one finds S^s ~ 10 120 , 
which far exceeds the present entropy 8 of the remaining matter content. 

When studying black hole thermodynamics, one typically asks how the black hole responds to 
some classical process such as absorbing some mass. What is the analogous question in the case of a 
cosmological horizon surrounding the static patch observer? We begin with some mass M localized 
at the center of the static patch. As can be seen from (3.1), this has the effect of reducing the size 
of the cosmological horizon. One can indeed check that if this mass falls outside the cosmological 
horizon: 

-SM = T dS 5S cos . (5.3) 

This is the analogue law of thermodynamics for a de Sitter horizon. It can be naturally generalized 

8 The entropy of the present day universe, including the Bekenstein-Hawking entropy of supermassive black holes, 
is estimated around 10 104 (see [87] and references therein). 
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to include angular momentum and other conserved quantities. The point is that the de Sitter 
horizon responds to physical processes very much like any other horizon. Notice however the minus 
sign in front of SM. The entropy increases when we throw mass outside the cosmological horizon 
surrounding us. Indeed, the less information we have about the interior of the cosmological horizon, 
the higher its entropy will be. 

We end with an important remark. Though it seems that much of the black hole picture carries 
forward to the case of the de Sitter horizon, there are some crucial differences. For instance, an 
observer can never approach her own cosmological horizon and probe it. In other words, there is 
no sense in which the cosmological horizon is an object localized in space as would be the case for 
a black hole. Also, black holes in flat space decay when emitting Hawking radiation. On the other 
hand, at least naively, the Hawking radiation of a de Sitter horizon is reabsorbed by the de Sitter 
horizon itself, leading to no overall evaporation of the horizon. 

5.2 Black Hole Nucleation 

As we discussed in section 2, de Sitter space is classically stable. Small deformations of initial data 
do not have a large impact on the geometry at X + . Asymptotically flat space at zero temperature 
is also classically stable in Einstein gravity. On the other hand, the quantum mechanical story may 
be quite different. For instance observers in the static patch are surrounded by a thermal bath 
and one may expect de Sitter space to mimic hot flat space which classically exhibits the Jean's 
instability [88]. Remarkably, there is no analogue of the classical Jeans instability in de Sitter 
space [89], at least perturbatively. Semiclassically however, de Sitter space is unstable toward the 
nucleation of Nariai black holes [89]. One can compute the likelihood of nucleating a Nariai black 
hole by evaluating the on shell action of the S 2 x S 2 solution of Euclidean gravity with positive 
A. The S 2 x S 2 solution (or Euclidean Nariai space) is found to have a negative eigenvalue. It 
has thus been interpreted as an instanton mediating the nucleation of Nariai black holes [89]. The 
nucleation rate per unit volume is found to be: 

Å ~ e~" /AG . (5.4) 

Once the black hole is nucleated, it will decay by the emission of Hawking radiation and one 
estimates that in the semiclassical approximation AG <C 1 the evaporation rate of the Nariai black 
hole far exceeds its nucleation rate [90, 91]. Thus de Sitter space is never 'consumed' by Nariai 
black holes in the semiclassical limit. 

5.3 Hartle-Hawking Wavefunctional 

One of the great challenges in defming a theory of quantum gravity is that (at least in four and 
more dimensions) there is no known controlled way of performing the path integral over geometries. 
On the other hand, the sum over geometries may be dominated by the saddle points of the action 
which we may have access to. 
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Here we discuss, briefly, a proposal for the ground state wavefunctional due to Hartle and 
Hawking [92]. For simplicity, we restrict ourselves just to the metric degree of freedom. They 
proposed that the groundstate wavefunctional ^HH[hij] of the Wheeler-de Witt equation, as a 
function of three-metrics h%j on some spacelike slice, is given by computing the path integral over 
all compact Euclidean geometries: 

^HHihij] = [ Vg e- s ^9) . (5.5) 
J M g]h 

These compact geometries contain a single boundary, whose real induced metric is given by h™. 
By summing over Euclidean geometries which are compact, one avoids having to specify any initial 
conditions and in this sense *&HH[hij] has been interpreted as giving the probability of a particular 
configuration h%j to come out of 'nothing'. The proposal is inspired by the construction of the 
ground state wavefunction from a Euclidean Wick rotation in ordinary quantum mechanics, where 
the Euclidean action is assumed to vanish in the far (Euclidean) past. 
The Euclidean action is: 

S e = TiT~n f d4x V9(R ~ 2A) + f d 3 xVhK , A > , (5.6) 
lovrG J M 87rG J aM 

where K is the trace of the extrinsic curvature of the boundary three-metric. The most symmetric 
solutions extremizing the action are the four-sphere S and the product 5 2 x5 2 . We may smoothly 
glue these Euclidean geometries at the equator of the S 4 or one of the S 2, s onto the Lorentzian 
solutions dS4 or dS2 x S 2 respectively at the r = spatial slice of the global geometry. By 
'smoothly gluing' we mean that both the induced metric and extrinsic curvature should match 
across the boundary. Evaluating the on-shell action on these Euclidean hemispheres we find that 
the four-hemisphere has the smallest action and hence will be the dominant contribution to the 
Euclidean path integral (5.5) in the AG — > limit. Gluing the Euclidean hemisphere S A onto pure 
global dS4 (1.3) at r = requires hijdx l dx^ = dQ 2 . We can estimate semiclassically for this case 
that ^hhIS 4 ] ~ e 37I 7 2AG . On the other hand, the product of a two- hemisphere S 2 with an S 2 has 
^hh[S 2 x S 2 ] ~ e n ^ G . One can interpret this as saying it is more likely (in the AG —> limit) to 
have a pure dS4 universe come out of nothing than a dS2 x S 2 universe [93]. 

In order to get more general results one can consider minisuperspace approximations where 
one restricts the path integral over a limited set of geometries. For example, we might consider 
evaluating the path integral (5.5) over compact geometries whose boundary is a three-sphere with 
size a. A saddle point approximation of this case was achieved in [92]. For a < £, the saddle that 
dominates is given by the lesser part of the four hemisphere with 9 < 6q such that the three-sphere 
at 9q has size a. Thus, the semiclassical approximation to the Hartle-Hawking wavefunction in this 
setup is found to be: 

V HH {a} =Me^V-( 1 ~ aH ~ 2 f 1 , ar 1 < 1 , (5.7) 
where N is an a independent normalization factor. Notice that for a < £, (5.7) decreases expo- 
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nentially with decreasing a, as one would expect since the size of the three-sphere in Lorentzian de 
Sitter is always greater than l and hence small spheres are not classically allowed. For a > £ there 
are no real contours since the size of a three-sphere in the four-sphere can be at most a = £, and 
instead one considers the complex extremum of smallest real action to find: 



^hh[o] = A^cos 



un- 2 -i) 3/ V vr 



4 



aC l > 1 . (5i 



It is a challenging task to compute the Hartle-Hawking wavefunction in more general situations, 
progress in this direction includes [94, 82, 95, 96] where attempts have been made to connect the 
Hartle-Hawking wavefunction to the partition function of the CFT dual to an auxiliary anti-de 
Sitter space. 

5.4 Coleman De Luccia Bubbles 

One final interesting semiclassical property of de Sitter space regards the process of Coleman-de 
Luccia bubble nucleation [5]. This occurs when the de Sitter universe at study is metastable with 
nearby lower minima of some scalar potential. Such a situation is observed for the known de Sitter 
constructions in string theory. In particular, one could study the nucleation of a de Sitter bubble 
inside a false de Sitter vacuum. 

In the simplest case, we can consider a scalar held (p minimally coupled to gravity and a scalar 
potential V(<p) with two positive energy minima with energies V+ > V- > 0. Let us assume life 
starts in the false vacuum V+. Then, by tinding a Euclidean bounce solution B which interpolates 
between the two Lorentzian vacua, one can estimate the decay rate for the nucleation of true 
vacuum bubbles in the false vacuum. The decay rate (per unit volume per unit time) is given by: 

v ~ e~ SB , (5.9) 

where Sb is the on-shell Euclidean action of the bounce solution ipg with the vacuum energy density 
of the false vacuum subtracted. It has been noted that the ratio of decay rates between an upward 
transition and a downward transition between two de Sitter vacua is given by the exponential of 
the de Sitter entropy, which can be viewed as a manifestation of the law of detailed balance [97]. 
We should mention that the Coleman-de Luccia instanton is compact with finite Euclidean action 
only when the false vacuum is de Sitter space. Furthermore, when the false vacuum is flat space 
or anti-de Sitter space there exists a critical value of the bubble wall tension above which bubble 
nucleation is no longer allowed. This is never the case when the false vacuum is de Sitter space. 

6 de Sitter Space Fully Quantum? 

Having discussed some classical, (slightly) quantum and semi-classical aspects of de Sitter space, we 
are now left with the million dollar question of whether we can propose a non-perturbative definition 
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of de Sitter space. This is not a simple task and it is very much an open problem. The solution 
to the analogous problem in anti-de Sitter space follows from a beautiful conjecture [98], known 
as the AdS/CFT correspondence, postulating that the Hilbert space of an asymptotically anti-de 
Sitter universe is equivalent to the Hilbert space of a conformal held theory. Furthermore, the 
AdS / CFT correspondence presents a map between fields in anti-de Sitter space and the operators 
of the conformal held theory, as well as a prescription for computing the correlation functions of 
the CFT [99, 100]. Given the striking resemblance of anti-de Sitter space and de Sitter space, one 
may ponder whether a similar proposal can be made. If so, it would be related to data on X + 
which, as we discussed earlier, is inaccessible to a single observer. On the other hand, one could 
demand that the definition of de Sitter space involve only the data accessible to a single static 
patch and thus to a single observer. We will refer to these notions as global holography and static 
patch holography respectively. 9 It is worth pointing out that in the Lorentzian version of AdS/CFT 
correspondence, it is the radial direction of anti-de Sitter space that emerges holographically. In 
contrast, though bulk de Sitter space is also Lorentzian, it is the cosmological time direction that 
would emerge holographically in the case of global de Sitter holography. 

6.1 Global Holography - the dS/CFT Correspondence 

In the context of global holography, there exists a natural extension of the AdS / CFT correspon- 
dence. This is known as the dS/CFT correspondence [102, 103, 82, 104]. The conjecture is that the 
boundary-to-boundary correlation functions at X + with future boundary conditions (recall sections 

4.2 and 4.4) of an asymptotically (d + l)-dimensional de Sitter space, are in one-to-one corre- 
spondence with correlation functions of a (f-dimensional Euclidean conformal held theory. This 
conformal held theory need not be unitary. Furthermore, it is proposed that bulk fields in de Sitter 
space are dual to single trace operators in the CFT. It is instructive to consider the case of a free 
scalar field $(77, x) with mass m in the planar de Sitter background (1.4). At late times the scalar 
behaves as: 



In direct analogy with the AdS case, it is proposed that the operator dual to 92 has conformal 
weight: 



Whether the conformal weight of the operator is A+ or A~ depends on the future boundary 
condition we impose. Once we fix the boundary condition, we can read off the source and vev of 
the operator. For instance, if the operator has weight A+ its vev is given by A(x) and its source 
is given by B{x). 

Notice that for sufficiently large mi the A^ become complex, indicating that the CFT may 
be non- unitary (since it would contain operators with complex weights). That the CFT be non- 

9 General notions of the holographic principle for general backgrounds are elegantly discussed in [101]. 



$(n,x) = r/ A - (A(x) + 0(r] 2 )) + ?? A ™ (B(x) + 0{r, 2 )) . 



(6.1) 




(6.2) 
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imitary is perhaps a blessing rather than a curse. Indeed, had the CFT been unitary (or reflection 
positive if Euclidean) it would, according to the standard lore of AdS/CFT, be dual to anti-de 
Sitter space. Somehow, the non-unitarity is intricately connected to a Euclidean CFT being dual 
to a bulk geometry with a Lorentzian causal structure. 

Recently a concrete example of the above proposal has been conjectured [109]. The bulk 
geometry is a theory of gravity with an infinite tower of higher integer (even) spin fields X = 
ip, h^ u , w^ upa , . . . These fields all interact non-linearly with each other on an equal footing [105, 
106, 107, 108], i.e. gravity is not much weaker than the other forces at low energies. At the level of 
the non-linear classical equations (which contain pure de Sitter space with all other fields switched 
off as a solution) no ghosts or tachyons are present in the perturbative spectrum about any solu- 
tion. The parameter determining the strength of the interactions and its quantum corrections is 
N = £ 2 j(pi- All higher spin fields are massless and their dual operators have a conformal weight 
of A s = s + 1, where s = 2, 4, . . . is their spin. The spin zero field has m 2 £ 2 = 2 and thus Aq = 1 
or A+ = 2. 

Let us choose Aq = 1 for the moment. Then we must find a theory with an infinite tower of 
higher even spin operators with weights A s = s + 1, which due to the properties of higher spin 
fields in the bulk such as the transversality of the graviton, are also conserved. This is a rather 
constraining demand. The proposal, which is inspired by similar efforts for the AdS version of 
higher spin gravity [110, 111, 112, 113, 114, 115], is that the conformal field theory is simply a free 
theory of N scalar fields (fi a transforming as an Sp(N) vector. In order to match the bulk n-point 
functions one must further impose that these fields be anti-commuting [109]. Since the fields are 
anti-commuting scalars, they violate the spin-statistics theorem and the theory is rendered non- 
unitary. The tower of operators are nothing more than the higher spin conserved currents, for 
spin-two this is the stress tensor. The Lagrangian for the theory on IR 3 is: 

Ccft = f d 3 x n ab 5^d t rd^ b , (6.3) 

with a singlet constraint restricting the operator content to Sp(N) singlets. Notice that the spin 
zero 'current' = Q, a b(fi a (fi b has conformal dimension Aq = 1 and is dual to the bulk scalar. 
Interestingly, the Sp(N) theory makes sense as a theory with a local Lagrangian description only 
for integer N, showing that the bulk cosmological constant is quantized. 

One can also write down a theory for the Aq" = 2 case. This is the IR CFT given by deforming 
the above Lagrangian by the double trace (relevant) deformation A( j(°)) 2 . It can be shown [116, 117] 
that the theory flows to a new CFT and a large N expansion can be setup allowing one to prove 
in the large iV limit that the dimension of the spin-zero operator becomes A^ = 2 + 0(1/N). 

6.2 Static Patch Holography 

The situation for a 'fundamental' description of a single static patch, though crucially relevant, re- 
mains elusive. We mention here some properties that should be present in whatever this fundamen- 
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tal description may be. When contemplating about a fundamental description of the static patch, it 
is important to understand what the question we are trying to answer is. For instance, is it a theory 
from which we can extract the results of all possible experiments that can be performed in a single 
static patch? Can the formulation be sharp? This is particularly pressing due to the fact that we are 
unable to denne precise observables within the static patch as discussed in section 1.2. Recent devel- 
opments related to such questions are discussed in [118, 119, 120, 121, 122, 123, 124, 125, 137, 126]. 

One property of such a theory is given by the perturbative data on the worldline, and in 
particular the wordline Green function. These Green functions have a particular pole structure, 
given by the quasinormal mode spectrum, which is known in the case of de Sitter space. Recall 
that a scalar held of mass m has the following quasinormal mode spectrum: 

u n £ = -i(l + 2n + A±) , n = 0,1,2,... (6.4) 

In fact, the solutions of the wave equation in the static patch are known to be hypergeometric 
functions and it was shown in [79] that a 'hidden' SL(2, M) symmetry acts on the wavefunctions. 
Due to this symmetry, the worldline Green functions take precisely the form of the Green functions 
of a (0 + l)-dimensional theory with SL(2,M) invariance, such as a theory of conformal quantum 
mechanics [81] . This may motivate the idea that somehow the worldline of de Sitter is reminiscent of 
the boundary of AdS and the de Sitter horizon reminiscent to a black hole horizon in AdS. Indeed, 
this hidden SL(2, R) structure is made more manifest by a conformal transformation mapping 
dS4 x S 1 to BTZ x S 2 , where by BTZ we are referring to the non-rotating AdS3 black hole [155]. 
The SL(2, M)'s come from the isometries of the AdS3 whose quotient gives the BTZ. 

Another property that must be reproduced is the incompressible Navier-Stokes equation obeyed 
by metric deformations on surfaces near the cosmological horizon. Furthermore, as noted in [126], 
the theory should reproduce the 'scrambling' time tåken for some localized distribution to spread 
over the entire horizon. In terms of the static patch time t, the scrambling time for the de Sitter 
horizon is given by: 

t scr ~ — — logS dS ■ (6.5) 
J-dS 

Its logarithmic dependence on the entropy may be suggestive of a matrix theory. The above equation 
is consistent with the exponential relaxation of the static patch as dictated by the quasinormal mode 
spectrum. Furthermore, the properties of black holes and Nariai black hole nucleation should be 
understood in the context of a fundamental description of the static patch. More particularly, 
one should understand the mechanism by which the de Sitter entropy is reduced when introducing 
mass and angular momentum inside the static patch. Significant efforts to do so, particularly in 
the language of a fermionic matrix model, include [120, 122, 127]. 

Crucially, the de Sitter entropy must also be addressed. If there exists a fundamental description 
of the static patch, it must provide a physical meaning or precise count of the de Sitter microstates 
which is so far lacking. This is of particular importance given that unlike a black hole which is 
a localized object in space, the de Sitter horizon is observer dependent and follows the observer 
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wherever she may go. There are also other non-perturbative issues that arise such as Poincare 
recurrences [118, 119] and the nucleation of bubbles which can be interpreted solely from the 
perspective of the static patch [128]. 

6.3 String Theory 

The search for de Sitter space in string theory is a subject in and of its own right. It is worth 
mentioning a few key points however. Whenever a de Sitter vacuum has been argued to exist in 
string theory it has been found to be metastable [130, 129, 131, 132, 133]. That is to say, there is 
a non-zero probability for that vacuum to decay to a lower energy vacuum. 10 This can occur, for 
example, via bubble nucleation processes discussed in section 5.4. Thus, whatever X + is in string 
theory, it is an object far more intricate than that of the pure de Sitter geometry. No completely 
stable de Sitter vacua have been constructed in string theory. On the other hand, stable Minkowski 
and anti-de Sitter vacua are known to exist as (supersymmetric) solutions to string theory. The 
ingredients required to build de Sitter vacua in string theory are not provided by supergravity 
on its own. Indeed, there are several no-go theorems showing that (classical) compactifications 
of supergravity with vanishing cosmological constant cannot contain lower dimensional de Sitter 
vacua [135, 136]. In order to evade this, one must use ingredients in string theory such as anti 
D-branes, orientifolds and a' corrections. 11 

Recently, an interesting class of perturbatively stable dS3 constructions was considered in [137]. 
They include classical supergravity and localized bråne sources in addition to the type IIB super- 
gravity Lagrangian. In particular, the construction includes a large number N\ of Dl-branes, JVs 
of D5-branes. If these were the only ingredients, the stack of brånes would have an AdS3 x S 3 x T 4 
near horizon geometry. In order to uplift the curvature and obtain a metastable positive cosmolog- 
ical constant for the non-compact space the authors consider adding, among other ingredients, two 
orientifold five-planes intersecting at a point and two sets of stringy cosmic five-branes [138] also 
intersecting at a point. Though near the localized bråne sources curvature is strong, one may argue 
that the resulting net background geometry due to the backreaction of these brånes can still be 
understood. The effect of the additional sources is to deform the original S* 3 and the task becomes 
to understand the stabilization properties of the new moduli that arise due to the breaking of the 
S 3 symmetries. A few isolated solutions where all moduli are stabilized were discovered giving rise 
to a dS3 with de Sitter length i ~ 50Z s tring and string coupling g s ~ 1/10. It is instructive to show 
how the warping effects of the bråne sources change the usual picture. When considering a stack 
of brånes we can consider them to be sitting at the point of a cone with metric: 

ds 2 = dw 2 + R(w) 2 ds 2 B , (6.6) 

10 This prompts the question of whether any consistent theory of quantum gravity with a de Sitter minimum must 
contain a landscape of vacua and whether such a de Sitter minimum is always metastable? 

n See however an example of stable de Sitter vacua [134] in theories of gauged supergravity with non-Abelian 
non-compact gaugings. These theories are not known to arise from a string compactification. 
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In the case with only Dl- and D5-branes, considered above the base space ds 2 B is given by S 3 x T 4 
and the warp factor R(w) develops a throat near the brånes allowing one to decouple the AdS3 near 
horizon. When including the additional elements that give the dS3 construction, one find that the 
warp factor closes back up at some finite value of w. Such a geometry is strongly reminiscent to the 
de Sitter/de Sitter patch (1.8) of dS3 where R(w) = sinu>. In order to conserve charge one must 
place an equivalent (but anti) set of ingredients on the second zero of R(w). These constructions 
will surely give further insight into the questions regarding de Sitter space. 

As a final note, it is hard to believe that the difficulty/complexity of constructing parametrically 
large families of de Sitter vacua in string theory (especially when comparing to AdS or flat space 
constructions) is an accident and may be related to a far more fundamental principle. Given the 
generic metastability of de Sitter vacua in string theory, one is further prompted to understand the 
decay or exit from a de Sitter vacuum into some other FRW cosmology [139, 140]. 

7 de Sitter Space and Beyond 

We would like to end our journey with a series of questions and ideas that remain open, elusive 
and exciting. As we mentioned in the introduction, de Sitter space is in many ways a tale of two 
observers. Hence our questions are related to both global and local confusions. 

7.1 So... what is the de Sitter entropy? 

The first question regards the nature of the de Sitter entropy. We still do not understand in what 
sense it is providing a count of microstates or whether it should be interpreted in a completely 
different fashion. It is particularly confusing due to the fact that a cosmological horizon surrounds 
the observer and follows her motion, in stark contrast to the case of a black hole. Should we think 
of the de Sitter entropy as counting the number of ways to construct a macroscopically indistin- 
guishable static patch starting from some fundamental ultraviolet ingredients? There have been 
some attempts to count entropy by counting microscopic degrees of freedom in string theoretic 
constructions [125, 137] suggestive of a microstate interpretation of the entropy. It has also been 
interpreted as the dimensionality of the Hilbert space of quantum of de Sitter space [141]. Inter- 
estingly, static patch observers have fundamental limitations on how precisely they can measure 
physics within their cosmic horizon. Does this imply that observers themselves are mere approxi- 
mations [9, 103, 142]? Finally we emphasize that in addition to the de Sitter entropy, one should 
note that the ratio of the Nariai to de Sitter entropy, i.e. the most we can reduce the empty dS 
entropy, is SNariai/ Sds = 1/3. This is a meaningful ratio that we should seek to understand (as 
well as its rotational analogue). 12 

12 Curiously, it is also the ratio between the entropy of the zero temperature negative mass topological AdS4 black 
hole and empty AdS4 with H2 slices. 
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7.2 Holographic Projections at X + 

We also discussed that a possible non-perturbative definition of de Sitter space may be given by the 
dual CFT living at X + . How is the de Sitter observer reconstructed in the dual CFT at X + l Naively, 
the information that reaches X + comes from many different horizons and has little to do with any 
single one of them. Is there a way in which we can isolate the data of a single observer to reach 
X + and what is the meaning of this in the dual CFT? The Sachs double null problem introduced 
in section 2.3 may be a useful way of organizing data coming from a single static patch. We should 
point out that though such an isolation of data would violate global causality, such violations are 
not necessarily detectable by the static patch observer who is left unaltered. One motivation for 
trying to understand this is that a mysterious application of Cardy's formula [67, 75, 143] has 
succeeded in 'counting' the entropy of a single static patch. In the best of cases, this would suggest 
that the static patch is somehow described by a (finite entropy) thermal state in the dual CFT. 
Can we reproduce other aspects of the static patch such as the quasinormal modes or the cosmic 
near horizon fluids in the dual CFT [44]? 

7.3 Cosmic Corals/Ultrametricity 

From a more global perspective, what are we to make of the treelike branching diffusion of de 
Sitter space we discussed in section 4.5. Using techniques developed used to study systems with 
enormous configuration spaces, such as glassy systems, it was discovered [144] that the triple 
distance distrubution P{d\2, di3, ^23) for massless fields emerging out of the Bunch-Davies vacuum 
sharply peaks at: 



where dij is the usual Euclidean distance between (fø (x) and 4>j{x) with the zero modes removed: 



The property (7.1), known as ultrametricity, implies a treelike organization of configurations where 
the leaves of the tree are the configurations and the distances are given by going up the tree. In what 
sense then is the bulk treelike structure [147, 148] encoded in the ultrametricity of the boundary 
at X + l Ultrametric structures have also appeared in the study of glassy systems which are also 
systems with a large configuration space. A particular example is the Sherrington-Kirkpatrick 
model with Hamiltonian: 



where the a S {±}, the i,j run over all N lattice sites and the Jij are drawn from a probability 
distribution. Notice that there is no nearest neighbor approximation and the model is completely 
non-local. It was shown by Parisi that the triple overlap distribution between low temperature 
configurations is organized in a sharp ultrametric fashion (see [145, 146] for a review). Given the 



di2 = max{di 3 ,d 2 3} 






(7.3) 
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remarkable appearance of ultrametricity in de Sitter space, what lessons are we to draw from the 
physics of glasses/disordered systems? More so, what is the meaning of this ultrametric property 
in the dual CFT? Is this ultrametric property also present for the metric fluctuations and is it a 
useful way to codify the unwieldy infrared/late time behavior of de Sitter space? 

7.4 Wavefunction of the Universe 

Is it time to revisit questions about the wavefunction of the universe [92, 96, 82, 144]? It was 
proposed in [82] that the late time Hartle-Hawking wavefunctional (which we discussed in section 
5.3) is computed by the partition function Zqft of the dual CFT of a bulk de Sitter universe. 
The slow falling late time profiles of the matter fields in the bulk become sources of the dual 
CFT operators. Hence, full access to the wavefunctional would require an understanding of the 
CFT partition function with finite space-dependent sources turned on. Some of these will source 
irrelevant operators. Is there a controlled sense in which we can calculate this? Does Zcft as a 
functional of its sources have the properties we would usually associate to a wavefunction, such as 
normalizability? A natural starting point for such questions may be the conjecture between higher 
spin gravity in dS4 and the Sp(N) theory discussed in section 6.1. It would also be of great interest 
to understand whether a bubble nucleation in a false de Sitter vacuum can be described purely in 
the language of a CFT, perhaps along the lines of [149] . 

It was observed in [150] that the Hartle-Hawking wavefunctional on the three sphere is related 
to the Gibbons-Hawking entropy Sds as: 

S dS = log\V HH \ 2 = -21ogZ CFT [,S 3 ] . (7.4) 

Interestingly, the partition function of a CFT on S s has been related to the partition function of 
a CFT living on H2 x S , which can be interpreted in terms of counting states of a 3d CFT on 
spatial %2 slices at finite temperature [151]. 13 It is unclear in what sense this counting of states is 
related to the de Sitter entropy. 

7.5 Big Bang and the Emergence of Time, Bulk Unitarity 

Interestingly, several results have been proven relating the geometry at X + to the existence of 
singularities in the bulk spacetime [25]. For instance if the topology of X + is compact and the 
metric on X + is Yamabe negative, i.e. there exists a conformal transformation making it a metric 
with constant negative curvature, then a singularity will exist in the past. A simple example is 
given by taking a compact quotient of the ^3 in the hyperbolic slicing (1.7). Then one clearly 
encounters a big bang type singularity at t = in accordance with the mathematical theorem. 
We may thus ask whether the partition function of the CFT dual to an asymptotically de Sitter 
universe makes sense on such a negative curvature compact space and to what extent this is a 
'resolution' of the big bang singularity. 

13 This observation came up in a discussion with Tom Hartman and Daniel Jafferis. 
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In addition to the big bang comes the question of time. In the AdS/CFT correspondence 
one observes the holographic emergence of an additional spatial dimension. On the other hand if 
the dS/CFT picture is correct, it would imply the holographic emergence of a cosmological time 
direction [152] which would be a conceptual breakthrough in our understanding of holography. 
Cosmological evolution in time would in some way correspond to an (inverse) RG flow of the CFT 
with the UV fixed point being the asymptotically de Sitter phase in the infinite future. Such 
considerations naturally lead to the question of how bulk unitarity is encoded in the dual CFT? 
Other consderations of holographic cosmology include [153, 154]. 

7.6 Three Dimensions 

Throughout the discussion we have had very little to say about lower or higher dimensional de 
Sitter space. Studying lower dimensional gravity has been very useful in examining properties of 
quantum gravity. This is especially the case when studying AdS3, which famously contains the 
BTZ black holes [155] in its spectrum. Pure three-dimensional gravity with a positive A contains 
a dS3 solution but no black holes. Instead there is a two-parameter family of conical singularities 
surrounded by a cosmological horizon. The size of the cosmological horizon depends on the mass 
and angular momentum of the conical singularity. The Euclidean version of the theory has the 
three-sphere and many of its quotients as smooth solutions. In [123] the sum over a particular class 
of smooth quotients of the three-sphere, known as Lens spaces, was attempted in pure gravity. 
It was found that the result diverges in a way that cannot be regulated using canonical held 
theoretic techniques. On the other hand, the same authors found that a similar computation 
in the context of topologically massive gravity gave rise to a finite result [156]. Another set of 
three-dimensional solutions in topologically massive gravity with a positive cosmological constant, 
resembling the rotating Nariai geometry (3.7), were shown to contain a two parameter family of 
black holes [157]. These may serve as useful toy models to understand properties of their higher 
dimensional counterparts. 

7.7 What are the 'correct' metaobservables? 

To end we would like to mention an important conceptual question that arises when considering 
the metaobserver. Cosmological observations are given by considering snapshots of the sky which 
contain data on some past spacelike slice. A particular snapshot contains the cosmic microwave 
background radiation spectrum of fluctuations. We typically assume that the scale invariant nature 
of these fluctuations is due to the presence of an early inflationary era endowed with a particular 
quantum state, such as the Bunch-Davies state. The initial quantum state provides us with a 
probability distribution of late time configurations but it does not provide us with a way to relate 
the physical measurements a metaobserver makes with the variables of inflationary cosmology, such 
as the inflaton and the metric. This is due to the the fact that the reheating surface at the end of 
inflation may be infinitely large (due, for example, to quantum fluctuations of the inflaton pushing 
it back up the potential [158, 159]) and must be regulated [160]. 
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